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Abstract
Let N be a nite set in a metric space. A Steiner-minimal-tree (SMT) for N is a tree in-
terconnecting the points of N with shortest possible length. We introduce a k-SMT in a way
that we allow at most k additional points (Steiner points) in the tree, where k>0 is a given
integer. We make two assumptions on the ‘geometry’ of the space: 1. There is a natural number
c, depending on the space only, such that the vertex-degree is at most c for any Steiner point in
each k-SMT; and 2. For each number n between 3 and kc− k + 1 there is an algorithm Sn for
nding a shortest tree for each nite set with n points. Then in any metric space which fullls
both assumptions a k-SMT for a nite set of points can be found by a procedure in polynomially
bounded time. The relative defect going from a (k − 1)-SMT to a k-SMT tends to zero, when
k runs to innity. c© 1999 Elsevier Science B.V. All rights reserved.
MSC: 05C05; 90B12
Keywords: Steiner trees
1. Introduction
Let (X; ) be a metric space. That means: X is a nonempty set of points and
 : X 2 7! R is a real-valued function, called a metric, satisfying:
(i) (x; y)>0 for any x; y in X ; whereby equality holds if and only if x = y;
(ii) (x; y) = (y; x) for any x; y in X ; and
(iii) (x; y)6(x; z) + (z; y) for any x; y; z in X (triangle inequality).
A graph G= (V; E) is embedded in (X; ) in the way that V is a set of points in X
and E is a set of unordered pairs vv0 of points v; v0 2 V . For each edge vv0 a length
is given by (v; v0). Hence, we dene the length of the graph G in (X; ) as the total
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length of G:
L(G) = L(X; )(G) =
X
vv′2E
(v; v0): (1)
Let N be a nite set of points in the metric space (X; ). For a natural number k
and points v1; : : : ; vk in X nN let T (k; v1; : : : ; vk) be a minimum spanning tree in the
complete graph with the set N [ fv1; : : : ; vkg of vertices. If there are both, a number
k 0 and points v1; : : : ; vk′ such that L(T (k 0; v1; : : : ; vk′)) is as minimal as possible, then
we call T (k 0; v1; : : : ; vk′) a Steiner-minimal-tree (SMT) for N , and the points v1; : : : ; vk′
Steiner points. In other words, an SMT for N is a minimum spanning tree on N [ S,
where S is a set of additional vertices introduced into the metric space in order to
achieve a minimal solution.
The problem of nding an SMT has a long-standing history starting with Gau in
1836 [8]. Perhaps with the famous book What is Mathematics? by R. Courant and
H. Robbins in 1941 this problem has been popularized under the name of Steiner. A
classical survey of Steiner’s Problem in the Euclidean plane was given by [5] and an
updated one can be found in [6].
Let N be a nite set in a metric space (X; ). Without loss of generality for any
SMT T = (V; E) for N the following conditions hold:
(i) The degree of each vertex is at least one;
(ii) The degree of each Steiner point is at least three; and
(iii) jVnN j6jN j − 2.
If we want to construct trees of minimal length for N in a metric space (X; ) we
are interested in the time complexity of these algorithms. This complexity depends on
n= jN j only, because we assume that (x; y) will be found in unit time for any points
x and y of the space.
Kruskal [7] has shown that a tree T (0; ;) in any metric space can be found in
polynomially bounded time. Such a tree is called a minimum-spanning-tree (MST)
for N . On the other hand, to nd an SMT in the Euclidean plane or the plane with
rectilinear distance is hard in the sense of computational complexity [3,4]. Hence, we
consider an MST as an approximation for an SMT and we are interested in the so-called
Steiner ratio m= m(X; ) of the space:
m= m(X; ) = inf

L(SMT for N )
L(MST for N )
: N (X; ) is a nite set

: (2)
Moore, published in [5], proved m(X; )>1=2 for every metric space (X; ). This
inequality is the best possible one in the class of all metric spaces.
The following problem is a modication of Steiner’s Problem. The search for a
k-SMT means that we additionally require at most k Steiner points in the shortest tree,
where k is a given xed nonnegative integer. Note that k-SMTs are not simplications
of SMTs, because there is no freedom to insert Steiner points in the tree.
Clearly, a 0-SMT is an MST, and we will see that in general the determination of
k-SMTs, for a xed number k, are much easier than the determination of SMTs.
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2. The determination of k-Steiner minimal trees
Now, we consider the problem of nding a k-SMT, which allows at most k Steiner
points in the shortest tree. In order to obtain methods to determine a k-SMT we need
two assumptions on the ‘geometry’ of the metric space (X; ):
Assumption A. There is a natural number c = c(X; ), depending on the space only,
such that the degree for any Steiner point in each k-SMT for a given set in (X; ) is
at most c.
Lemma 2.1. The number c= c(X; ) does not depend on the number k; which means
we can determine c for 1-SMT.
Proof. In each point of the space where a Steiner point is, we can localize a given
point and the k-SMT becomes a (k − 1)-SMT (k>2).
If m(X; ) = 1, then any SMT and any k-SMT is an MST. Otherwise, if m(X; ) is
less than one, then c(X; )>3. For the values of the number c for some metric spaces
see [1].
Assumption B(k). For each number n between 3 and kc(X; ) − k + 1 there is an
algorithm Sn for nding the location of at most k Steiner points in a shortest tree for
a nite set of n points in which each Steiner point has degree at most c(X; ).
For such algorithms in some classes of metric spaces see [2].
Theorem 2.2. Let (X; ) be a metric space which fullls both the assumptions A and
B(k). Let N be a nite set in X . Then a k-SMT for N can be found by the following
procedure:
1: Compute an MST T (;) = (N; E) for N ;
2: For all subsets N 0 of N with n= jN 0j= 3; : : : ;minfjN j; kc − k + 1g do
Generate all partitions of N 0 in subsets N 01; : : : ; N
0
l ;
Use algorithm Sn to nd a shortest tree H (N 0i ) = (V
0
i ; E
0
i ) for N
0
i in (X; );
G:=(N [Sli=1 V 0i ; E [Sli=1 E0i );
Determine a minimum spanning tree T (N 0) in G;
3: A shortest tree in the family
fT (;)g [ fT (N 0): N 0N; jN 0j= 3; : : : ;minfjN j; kc − k + 1gg
is a k-SMT for N in (X; ).
Proof. Let T =(V; E0) be a k-SMT for N . We show, if v1v2 is an edge in E0, whereby
v1 and v2 are vertices in V \ N , then there exists an MST for N with the same edge.
Therefore the graph Go = (V; E0nfv1v2g) consists of two components Gj = (Vj; Ej),
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j = 1; 2, whereby vj is a vertex in Gj. V1 is the set of all vertices in T which
are connected with v1 by a path, not running through v2. V2 = VnV1. We have that
(w1; w2)>(v1; v2) for all wj 2 Vj; j = 1; 2, otherwise we would get a contradiction
to the minimality of T . Clearly, the same inequality holds for all wj 2 Vj \ N . Con-
sequently, v1v2 is an edge in a suitably chosen MST for N . Any other MST contains
an edge of the same length. If we determine a minimum spanning tree in G, using
Kruskal’s method, we shall choose v1v2 unless this edge does not form a cycle with
chosen edges.
The algorithm enumerates all subsets N 0 and computes for each N 0 at rst a family
of shortest trees and then a minimum spanning tree in the graph G. This algorithm has
a running time of
ck−k+1X
n=3
tMST(jN j+ 2n− 2)
 jN j
n

6O(jN jlogjN j)
ck−k+1X
n=3
jN jn=n!: (3)
Hence, since we assume that k =O(1), we have
Corollary 2.3. A k-SMT for a nite set of n points in a metric space which fullls
the assumptions A and B (k) can be found in O(nck−k+2log n) time.
3. The restricted Steiner ratio
Let k and k 0 be numbers with 06k 06k61. We dene the restricted Steiner ratio
of the metric space (X; ) by
m(X; )(k : k 0) = inf

L(k−SMT for N )
L(k 0−SMT for N ) : N is a nite set in (X; )

: (4)
It is easy to see that 1>m(X; )(k : k 0)>m(X; )>1=2 for any metric space (X; );
k 06k. The ratio m(k : k−1) is of special interest. To estimate it we will use the local
version of Steiner’s Problem, the so-called Fermat’s Problem: Let N be a nite set of
points in (X; ). Determine a point in the space such that the function
FN (w) =
X
v2N
(v; w) (5)
is minimal. Each point which minimizes the function FN is called a Torricelli point
for N in (X; ).
Lemma 3.1. Let N be a nite set of n points in a metric space. Let q be a Torricelli
point for N and let T0 be an MST for N . Then
FN (q)=L(T0)>n=(2n− 2): (6)
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Proof. Let N = fv1; : : : ; vng. If q is in N , then FN (q)>L(T0) and the ratio is at least
one. Now we assume that q is not in N . Without loss of generality (v1; vn) is the
greatest distance between points of N . Hence,
2(n− 1)FN (q) = (n− 1)
0
@ nX
i=1
(vi; q) +
nX
j=1
(vj; q)
1
A
> (n− 1)
 
n−1X
i=1
(vi; vi+1) + (v1; vn)
!
> (n− 1)L(T0) + (n− 1)(v1; vn)
> (n− 1)L(T0) +
n−1X
i=1
(vi; vi+1)
> (n− 1)L(T0) + L(T0)
= nL(T0):
Theorem 3.2.
m(X; )(k : k − 1)> k
k + 2− (4=c(X; )) (7)
for all k > 0.
Proof. Let T = (V; E) be a k-SMT for N . Then the degree for all Steiner points v
is at most c = c(X; ). If jV j< jN j + k, then T also is a (k − 1)-SMT, and the ratio
equals one. Now we assume that jV j = jN j + k. Let q 2 VnN , such that the star Ts
induced by q and its set Vs of neighbors in T has minimal length. Let Tc be an MST
for Vs. Clearly, L(Ts)6L(Tc). On the other hand, by the lemma and the fact that the
real function x=(2x − 2) is monotonically decreasing it follows that
L(Ts)>c
L(Tc)
2c − 2 :
T 0 is the tree built up by T with Tc instead of Ts. Then T 0 is a tree with at most k−1
Steiner points. On the one hand,
L((k − 1)-SMT for N )6 L(T 0)
= L(T )− L(Ts) + L(Tc)
6 L(k-SMT for N )− L(Ts) + (2− 2=c)L(Ts)
= L(k-SMT for N ) + (1− 2=c)L(Ts):
On the other hand,
L(k-SMT for N ) = L(T )
> (1=2)
X
v2VnN
L (star induced by v and its neighbors)
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> (1=2)
X
v2VnN
L(Ts)
= kL(Ts)=2:
These two inequalities imply the assertion.
The theorem shows that the best addition of k Steiner points to the initial set of
given points cannot improve drastically the approximation in comparison to the best
addition of k − 1 Steiner points, if k is a large number. More exactly: The relative
defect going from a (k − 1)-SMT to a k-SMT for a nite set in a metric space tends
to zero, when k runs to innity.
For instance we consider the d-dimensional ane space with rectilinear distance. Let
N =f(1; 0; : : : ; 0); : : : ;(0; : : : ; 0; 1)g, that means the convex hull of N is the unit ball
of the space. Clearly, an MST T for N has length 4d− 2 and the origin is a Torricelli
point for N . This implies FN =L(T ) = d=(2d− 1). In other words,
m(k : k − 1)> k
k + 2− (2=d) (8)
for k>1. Hence, the inequality in the theorem is the best possible one in the class of
all metric spaces.
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